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Abstract
It has been shown recently that cubature formulae for the unit sphere and for the unit ball are closely related; in
particular, cubature formulae for the surface measure on the sphere correspond to formulae for the Chebyshev weight
function on the ball. This provides a new method to generate cubature formulae on these regions. In this paper we
construct a number of cubature formulae for the Chebyshev weight function on the unit ball in R2, and use them to derive
new formulae for the surface measure on the sphere S2. c© 1999 Published by Elsevier Science B.V. All rights reserved.
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1. Introduction
Let Bd denote the unit ball of Rd and Sd denote the unit sphere on Rd+1; that is,
Bd = fx 2 Rd: jxj61g and Sd = fy 2 Rd+1: jyj= 1g;
where jxj=
q
x21 +   + x2d is the usual Euclidean norm. Let L(f):=
R
fd denote the integral of f
with respect to a nonnegative measure d dened on either Bd or Sd. A cubature formula of degree
M is a linear functional
IM (f) =
NX
k=1
kf(xk); k 2 R; xk 2 Rd; (1.1)
dened for all polynomials, such that IM (f) =L(f) whenever f is a polynomial of degree M or
less, and IM (f) 6=L(f) for at least one polynomial f of degree M + 1. The points x1; : : : ;xN
in the formula are called nodes and the numbers 1; : : : ; N are called weights.
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There has been a lot of eorts devoted to the construction of cubature formulae over Bd and
Sd. We refer to [2,4,13,15] for some of the references. In the literature, these two cases have been
dealt with more or less separately. In our recent work [19], we showed that the two cases are very
closely related; in fact, a correspondence holds between cubature formulae on the unit ball Bd and
the cubature formulae on the unit sphere Sd for a large class of measures, which allows us to trans-
form cubature formulae for one domain to formulae for the other domain. Under the correspondence
established in [19], cubature formulae with respect to the Lebesgue measure on Sd correspond to
cubature formulae with respect to the Chebyshev weight function 1=
p
1− jxj2 on Bd, where jxj is
the usual Euclidean norm of x 2 Rd. The purpose of this paper is to use the correspondence to
generate new cubature formulae on the sphere. We will deal primarily with the case of the Lebesgue
measure on S2 and the new formulae will be derived from formulae with respect to the Chebyshev
weight function on B2. In the literature, most of the work on cubature formulae for B2 has been
devoted to the Lebesgue measure, which corresponds to formulae on S2 with respect to the mea-
sure jx3jd!, where d! is the surface (Lebesgue) measure. Although many methods developed for
the Lebesgue measure may work for the Chebyshev weight, few formulae have been worked out
explicitly. On the other hand, using the correspondence in [19], a number of cubature formulae for
the Chebyshev weight function on B2 follows from the formulae for the surface measure on S2.
We will devote our main eort to the task of constructing cubature formulae with respect to the
Chebyshev weight function on B2. Those formulae that are dierent from the ones obtained from
the correspondence will lead to new cubature formulae for the Lebesgue measure on the sphere.
The paper is organized as follows. In Section 2, we introduce notations and present necessary
preliminaries, including the results in [19] and the methods that will be used to obtain new formulae
on B2. In Section 3 we give a list of cubature formulae of low degree for Chebyshev weight function,
as well as a list of new cubature formulae for the sphere. Section 4 contains further comments on
the results.
2. Preliminaries and basic methods
Although we will only construct cubature formulae for B2 and S2, the basic theorem from [19]
can be stated for any dimension d just as easy. As an expository, we will state the theorem in its
general form, including the general weight functions. To do so, several denitions needed for the
statement of the theorem are given in d dimension as well.
2.1. Polynomial spaces
Let N0 be the set of nonnegative integers. For = (1; : : : ; d) 2 Nd0 and x= (x1; : : : ; xd) 2 Rd we
write x=x11    xdd . The number jj1=1+   +d is called the total degree of the monomial x; we
use j  j1 to distinguish with the usual Euclidean norm j  j. We denote by d the set of polynomials
in d variables on Rd and by dn the subset of polynomials of total degree at most n. We also denote
by Pdn the space of homogeneous polynomials of degree n on Rd and we let rdn =dimPdn . It is well
known that
dimdn =

n+ d
n

and rdn = dimP
d
n =

n+ d− 1
d

:
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2.2. Weight functions
The main result in [19] is stated for a class of weight functions that we describe now. A weight
function H dened on Rd+1 is called S-symmetric if it is symmetric with respect to yd+1 and centrally
symmetric with respect to the variables y0 = (y1; : : : ; yd); i.e.,
H ( y0; yd+1) = H ( y0;−yd+1) and H ( y0; yd+1) = H (−y0; yd+1):
For examples of S-symmetric weight functions, we may take H ( y) = h(y21 ; : : : ; y
2
d+1). Associated to
a weight function H on Rd+1 that is nonzero on Sd, we dene a weight function WB on the ball Bd
by
WB(x) = 2H (x; 1− jxj2)=
q
1− jxj2; x 2 Bd (2.1)
and we normalize the weight function H so thatZ
Sd
H (y1; : : : ; yd+1) d!=
Z
Bd
WB(x) dx= 1:
The rst equal sign of the above equation follows from the following integration formula, which
have served as the starting point for the development in [19],Z
Sd
f( y)H ( y) d!d =
1
2
Z
Bd

f(x;
q
1− jxj2) + f(x;−
q
1− jxj2)

WB(x) dx:
When H ( y) = 1=!d, where !d is the surface area, the corresponding weight function on Bd is the
Chebyshev weight function, denoted by W0, which is the special case of the Gegenbauer weight
functions W on Bd;
W(x) = w(1− jxj2)−1=2 where w = 2!d−1
 ( + (d+ 1)=2)
 ( + 1=2) (d=2)
:
We note that the weight function H ( y)= jyd+1j on Sd corresponds to W. In particular, the function
H ( y) = jyd+1j corresponds to W1=2(x) = 2 on Bd.
2.3. Connection between cubature formulae on Sd and on Bd
The following theorem from [19] establishes the relation between cubature formulae on the sphere
and on the ball. It is this theorem that will be used in the next section to generate cubature formulae
on the sphere.
Theorem 2.1. Let H ( y) = W (y1; : : : ; yd+1) be the weight function dened on Rd+1. Suppose that
there is a cubature formula of degree M on the unit sphere Sd for H;Z
Sd
f( y)H ( y) d!=
NX
i=1
if( yi); f 2
M[
k=0
Pd+1k ; (2.2)
whose nodes are all located on Sd. Then there is a cubature formula of degree M on Bd for WB
dened in (2:1);Z
Bd
g(x)WB(x) dx=
NX
i=1
ig(xi); g 2 dM ; (2.3)
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where xi 2 Bd are the rst d components of yi; that is; yi=(xi ; xd+1; i). On the other hand; suppose
that there is a cubature formula of degree M in the form (2:3); whose N nodes lie inside the
unit ball Bd; that is; jxij61; then there is a cubature formula of degree M on the unit sphere Sd
for H;
Z
Sd
f( y)H ( y) d!=
NX
i=1
i

f(xi ;
q
1− jxij2) + f(xi ;−
q
1− jxij2)
,
2; f 2
M[
k=0
Pd+1k :
(2.4)
The correspondence in this theorem can be used to derive new cubature formulae on both Sd and
Bd. For example, we get many formulae on S2 with respect to jy3j d! from the formulae in [13,15]
with respect to the Lebesgue measure on B2. In this paper we will use the theorem only for the
correspondence between Lebesgue measure d! on S2 and the Chebyshev weight function W0 on B2.
We say that the nodes yi and yj of the formula (2.2) form a symmetric pair if yi=(xi ; xd+1) and
yj = (xi ;−xd+1) with xd+1 6= 0. Then the number of nodes of the formula (2.3) satises
Number of nodes of (2:3) = N -number of symmetric pairs among yi : (2.5)
The number of nodes of the formula (2.4) satises
Number of nodes of (2:4) = 2N -number of xi on Sd−1: (2.6)
As a consequence, a cubature formula with fewer nodes on Bd may correspond to a formula on
Sd with more nodes, and vice versa. In particular, among cubature formulae on B2 with the same
number of nodes, the one that has more nodes on the unit circle will correspond to a formula on
S2 with fewer number of nodes.
2.4. Minimal cubature formulae
From now on, we will only consider the two-dimensional case. The cubature formula (1.1) of
degree M is called minimal if, NM , its number of nodes, is minimal among all cubature formulae of
degree M . Lower bounds are known for the number of nodes of cubature formulae, which can be
used to identify minimal formula (cf. [11,13,15]). Let us denote the number of nodes of a cubature
formula of degree M for B2 by NM (B2). Then the lower bounds for the centrally symmetric weight
functions W on B2 are
N2n(B2)>

n+ 2
2

and N2n−1(B2)>

n+ 1
2

+

n
2

: (2.7)
The lower bound for the odd degree formula is due to Moller [11]. For many radial weight functions,
such as (1− x2 − y2) which include both constant function and the Chebyshev weight function, it
has been shown that Moller’s lower bound is not attained for cubature formula of degree 4n + 1
([16]); hence, the lower bound can be increased by 1. For cubature formulae on S2 with respect to
the centrally symmetric weight function, the lower bounds are given by
N2n(S2)>

n+ 2
n

+

n+ 1
n− 1

and N2n+1(S2)>2

n+ 2
n

: (2.8)
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2.5. Orthogonal polynomials
Minimal or near minimal cubature formulae are related to common zeros of orthogonal polyno-
mials. For the general theory of orthogonal polynomials in several variables we refer to the recent
survey [18]. Here we only give an orthonormal basis for Chebyshev weight function W0 on B2. This
basis is denoted by fPnkg, where the superscript means that Pnk 2 2n and 06k6n, it is given in
terms Gegenbauer polynomials C()k and Chebyshev polynomials Tk as follows:
Pnk (x; y) = h
n
kC
(k+1=2)
n−k (x)(1− x2)k=2Tk(y(1− x2)−1=2); 06k6n;
where hnk;2 are constants chosen so that P
n
k are normalized to have L
2(W0) norm 1. We can write
down a similar orthonormal basis for W. It is worthwhile to point out that the ordinary spherical
harmonics on S2 can be given in terms of orthogonal polynomials with respect to W0 and W1 [19].
In fact, it is this connection that suggests Theorem 2.1.
There is a close relation between common zeros of orthogonal polynomials and cubature formulae.
For example, if a cubature formula whose number of nodes attains the lower bound (2.8) exists, then
its nodes are common zeros of a family of linearly independent polynomials Q1; : : : ; Qr of degree n,
where r= n+1− [n=2], and each Qi is orthogonal to polynomials of lower degree (see [11]). There
are far more general results in this direction, we refer to [11,13,16{18].
2.6. A method of constructing cubature formulae on B2
For integrals with respect to weight functions on B2 that enjoy rotation symmetry, we may look for
cubature formulae whose nodes are invariant under a subgroup of the rotation group, say, a symmetry
group of regular polygone. The formulae with this type of symmetry have been studied by many
authors, see [4,13,15] and the references there (Also see [3,5] | the authors thank Ronald Cools
for these references). Here we present a method that will be used to construct cubature formulae on
B2. The method uses equally spaced nodes on circles of dierent radii and the nodes on consecutive
circles are interlacing; the radii of the circles are chosen to ensure the higher degree accuracy of the
cubature formula. The nodes with such a conguration have appeared in [1,6,16,20], and the method
has been used to construct several cubature formulae of lower degree for Lebesgue measure (see [6]
and the examples in [14]). Here is the general form of the cubature formulae of degree 2n:
Cubature formula of degree 2n that takes the form
In(f) = 0f(0; 0) +

2m+ 1
pX
i=1
2mX
j=0
if

ri cos
(2j + i)
2m+ 1
; ri sin
(2j + i)
2m+ 1

; (2.9)
where n= 2m− 1 or 2m; i = 0 if m+ i is even, and 1 if m+ i is odd.
Whether such a cubature formula exists depends on whether it is possible to nd proper i and
ri. To keep the number of nodes small, we will solve i and ri under the most stringent condition,
which amounts to solve them from a system of nonlinear equations. The result is as follows:
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A cubature formula (2:9) exists if p=[(n+[(n+2)=2])=2] and if i and ri satisfy the equations
0j;0 +
pX
i=1
ir
2j
i =
Z 1
0
r2j+1W (r) dr; 06j6n; (2.10)
pX
i=1
(−1)iir2j+1i = 0; [(n+ 1)=2]6j6n− 1; (2.11)
where we also assume that 0 = 0 when E(n) := n+ [(n+ 2)=2] is even.
The validity of the equations can be easily established by working with polynomials in polar
coordinates: x=r cos  and y=r sin ; it suces to show that the formula is exact for rk+j cos k sin j;
06k + j62n. The choice of the nodes in the inner sum of the formula makes the cubature formula
zero for odd trigonometric functions which also have integral zero, this is so regardless the choice of
ri; the second condition is used to further reduce the possibility and, together with the rst condition,
is used to handle the radial part of the polynomial. The proof for one particular case is contained
in [19]. We omit the details.
We assume 0=0 in the case that E(n) is even to ensure the number of equations and the number
of variables (ri and i) equal. By adjusting this condition or other parameters in the formula, we
may change the form of the equations somewhat and work with a modied version of the formula.
Although a modied formula usually uses more nodes, in some cases there are advantages in working
with the modied version. Indeed, a solution of Eqs. (2.10) and (2.11) may not exist since they
are nonlinear equations, or it may contain some of ri larger than 1, which means that the cubature
formula has some nodes outside of B2, making it unsuitable for the purpose of generating cubature
formula on S2 via Theorem 2.1. By working with modied versions of the method, we may be able
to overcome these problems.
Modied equations: If E(n) is even, set rp=1 and 0 6= 0. If E(n) is odd, change p to p+1 and
set rp+1 = 1, and set 0 = 0.
The conditions in the modied version is given in such a way that the number of equations and
number of unknowns remain to be the same. For example, in the case that E(n) is even, the freedom
that is lost by setting rp = 1 is compensated by the inclusion of 0. The modied formula in the
case that E(n) is even has a number of nodes on the boundary of B2, which makes it especially
valuable for the purpose of obtaining cubature formula on the sphere (see the discussion in the end
of Section 2.3).
Similar formulation also works for cubature formulae of odd degree, say degree 2n−1. The nodes
are again equally distributed on circles; we use 2m points on each circle for a cubature formula of
degree 4m− 1, and use 2m+ 2 points on each circle for a cubature formula of degree 4m+ 1. The
nonlinear equations that we need to solve are
0j;0 +
pX
i=1
ir
2j
i =
Z 1
0
r2j+1W (r) dr; 06j6n− 1; (2.12)
pX
i=1
(−1)iir2ji = 0; [(n+ 1)=2]6j6n− 1; (2.13)
where p= [(n+ [n=2])=2] and we assume that 0 = 0 when E(n):=n+ [n=2] is even.
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As in the case of cubature formulae of even degree, there are also modied versions of these
equations. For example, if E(n) is even, we may add 0 6= 0 and set rp = 1.
The number of nodes of formula (2.9) and its counterpart of degree 2n − 1 are in the order of
3n2=4 as n goes to innity. In view of the lower bound (2.7), which is of the order n2=2, formula
(2.9) may have more nodes than that of a minimal formula for large n. On the other hand, there is
no general method for constructing minimal or near-minimal cubature formulae at the moment; the
nodes of the product type formula (cf. [13,15]) of degree 2n or 2n− 1 on B2 is in the order of 2n2.
For small n the number of nodes of the formula (2.9) and its counterpart of odd degree are rather
close to the lower bound (2.7).
2.7. Numerical computation
For the Chebyshev weight function W0, we construct cubature formulae of degree up to 22. Most
of the formulae are found using the method in Section 2.6; some of the lower degree formulae are
found using other methods, such as the method of reproducing kernel; the computation is done using
Mathematica. The nonlinear system of equations (2.10) and (2.11), as well as (2.12) and (2.13),
are solved for n611. For n= 11, (2.10) and (2.11) consist of nonlinear equations of 16 variables.
For cubature formulae of degree 69, the exact solution of the nonlinear system can be found
using Mathematica or Maple. Some parameters are given by complicated formulae, we present their
numerical values up to 16 decimal points. For formulae of degree above 9, we solve the nonlinear
system using the DUNLSF Fortran subroutine in the IMSL Math=Library (Visual Numerics, Inc.,
1994), the computation is carried out on a DEC Alphastation 500 computer using double precision.
The relative error (In(f)−I(f))=I(f) is veried as 10−15; the numerical value of the parameters
is given with 12 decimal points.
2.8. Reference of cubature formulae
Theorem 2.1 allows us to transplant formulae on B2 to S2 and vice versa. Our main sources
of the existing formulae on the unit sphere S2 are the books by Stroud [15] and by Mysoviskikh
[13]. For formulae on the unit ball B2 the main references are again [13,15], together with a more
recent bibliography [2]; although most of the references in them deal only with Lebesgue measure,
they provide indications at what are possible for the Chebyshev weight function. Together [13,15]
cover the work on cubature formulae on the sphere up to 1980 (formulae on the sphere are not
covered in [2]). Since then there must have been many other papers appeared, for example, [10]
and its references). It is possible that some of the formulae that we list as new in the next section
are already known; we apologize to the original author(s) in such a case and would be grateful if
he=she can contact us.
3. Cubature formulae for B2 and S2
As mentioned in the introduction, most of the cubature formulae on B2 in the literature are
constructed for the Lebesgue measure. Here we shall present a list of cubature formulae of lower
degrees for Chebyshev weight function. The formulae will be identied by the degree; if there is
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more than one formula for a given degree, say degree 5, we identify them by Degree 5-n with
n = 1; 2; : : : . Each formula is given by its nodes and weights, and we present them in lines with
each line containing one weight at right and node(s) associated with the weight in the left. It should
be mentioned that we have normalized the Chebyshev weight function so that it has integral 1. If
one uses just 1=
p
1− jxj2, then there will be a multiplication factor 2 in the weights i of the
cubature formula. Here is one example of the formulae:
Degree 5-2: N = 8,
(r;s) 112 ;
(0;r); (s; 0) 16
with r2 = (5 +
p
5)=10 and s2 = (5−p5)=10.
This formula is obtained from the formula U3: 5-1 of [15, p. 296] by using Theorem 2.1; it is
given here as an example to show how we present our result. A number of cubature formulae on
B2 can be derived this way from the existing formulae on S2, for example, by following the list
in [13,15]. We will not give these formulae explicitly in the following; we will, however, list their
number of nodes and make comments on their special feature when it is proper. The new formulae
that we have to work out will be given explicitly. Most of the new formulae are obtained using the
method presented in Section 2.6; a few formulae of lower degree are obtained using the method of
reproducing kernel (cf. [12]) or by nding common zeros of orthogonal polynomials. For each new
formula of degree up to 9, we will give a brief description of how it is obtained; all new formulae
of degree above 9 are obtained by the method in Section 2.6. We will only present formulae whose
nodes are all inside B2 since they are the ones that will lead to new cubature formulae on S2 via
Theorem 2.1. We will, however, remark on the existence of formulae which has some of their nodes
outside of B2, since their number of nodes is usually smaller.
The new cubature formulae for Chebyshev weight function on B2 are presented in Section 3.1;
at the end of the section we sum up our ndings in a table listing the degrees and number of
nodes of the formulae. The new cubature formulae for the surface measure on S2 are given in
Section 3.2.
3.1. Cubature formulae with respect to Chebyshev weight function on B2
Degree 3: N = 4,
(1; 0) 13 ;
(0;1=
p
2) 12 :
This is a minimal formula. Its nodes are common zeros of orthogonal polynomials
P21(x1; x2) =
p
15x1x2; P22(x1; x2) =
q
15=2(−1 + x21 + 2x22)=2:
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Degree 4: N = 6,
(0; 1); (
q
1− b22; b2) 19 ;
(a1; b1); (−a1; b1); (a2; b2) 25(−6 +
p
6)=72(−9 +
p
6);
(a3; b2) (54 + 19
p
6)=72(−9 +
p
6)
with
a1 = 15
q
9−
p
6; b1 = 15(−1−
p
6); b2 = 15(−1 +
p
6);
a2 = 125 (−5
q
9−
p
6− 4
q
18 + 2
p
6 + 2
q
27 + 3
p
6);
a3 = 125 (5
q
9−
p
6− 4
q
18 + 2
p
6 + 2
q
27 + 3
p
6):
This is a minimal cubature formula. It is obtained by the method of reproducing kernel (cf. [12]).
We choose the rst point as (0; 1) and the second point as (
p
1− b22; b2), where b2 is one of the
zero of K2(x1; x2; 0; 1) =−3 + 6x2 + 15x22.
Degree 5-1: N = 7,
(0; 0) 16 ;
(s1; t1); (
q
3=5;1=
p
5) 536 :
This is a minimal cubature formula, its nodes are common zeros of orthogonal polynomials
P30(x1; x2) =
p
7x(−3 + 5x2)=2; P32(x1; x2) =
p
105x(−1 + x2 + 2y2)=2;
P31(x1; x2) +
p
15P33(x1; x2) =
p
42x2(−4 + 5x12 + 5x22):
The formula is obtained by the modied method of reproducing kernel (cf. [12]). We choose the
rst point as (0; 0) and the second point as (0; 2=
p
5) which is in the zero set of ~K2(x1; x2; 0; 0) =
−3 + 15(1− x21 − x22).
Degree 5-2, 5-3, 5-4, 5-5, 5-6: N = 8; 9; 13; 12; 17, respectively.
These ve formulae of degree 5 follow from the formulae U3: 5-1, U3: 5-2, U3: 5-3, U3: 5-4 and
U3: 5-5 of [15, p. 297{298], respectively. We shall not give them explicitly. It should be mentioned
that the formulae U3: 5-4 and U3: 5-5 of [15] are Chebyshev formulae; i.e., they have equal weights,
but the formulae on B2 are no longer Chebyshev.
Degree 6-1: N = 15,
ri cos
2j + 1
5
; ri sin
2j + 1
5


; i = 1; 3 i
r2 cos
2j
5
; r2 sin
2j
5


2
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where j = 0; : : : ; 4 and
i i ri
1 0.2784956084138990 0.4599241509012870
2 0.4816410427943559 0.8739751110471984
3 0.2398633487917452 1
This formula is obtained using the modied method of Section 2.6; we use one circle of points
on the boundary of B2. If we use the method with a point on the origin, without the points on the
boundary, then we end up with a formula of degree 6 with 11 nodes, which is just one more than
the lower bound (2.7). The formula, however, has 5 points on one circle outside of B2 and will not
be given explicitly here.
Degree 7-1: N = 12,
ri cos
2j + 1
4
; ri sin
2j + 1
4


; i = 1; 3 i
r2 cos
2j
4
; r2 sin
2j
4


2
where j = 0; : : : ; 3 and
r21 =
45
77
− 3
77
p
71; r23 =
45
77
+
3
77
p
71; r22 =
6
7
; 2 =
49
135
;
moreover, r21=3 and r
2
3=3 are roots of f(x) = 2− 30x + 77x2.
i i ri
1 0.3440123467315716 0.5060869834438649
2 0.3629629629629630 0.9258200997725517
3 0.2930246903054654 0.9553570714763452
This formula is obtained using the method of Section 2.6. It is a minimal formula whose number
of nodes agrees with (2.7). The nodes are the common zeros of the orthogonal polynomials
P40(x1; x2) +(21=10
p
5)P42(x1; x2) = 3(18− 159x21 + 161x41 − 21x21 + 147x21x22)=20;
P40(x1; x2) −(21
q
7=5)P44(x1; x2) =−3(18− 33x21 + 14x41 − 147x22 + 147x21x22 + 147x42);
P41(x1; x2) −(1=
p
7)P43(x1; x2) = 3
p
10x1x2(x21 − x22):
Degree 7-2, 7-3, 7-4: N = 16; 17; 24, respectively.
These three formulae of degree 7 follow from the formulae Un : 7− 2 of [15, p. 295], U3: 7− 2
and U3: 7 − 1 of [15, p. 298{299], respectively. It should be mentioned that the formula 7-4 with
24 nodes is a Chebyshev formula. In fact, the formula U3: 7-1 in [15] is Chebyshev.
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Degree 8-1: N = 16,
(0; 0) 0
ri cos
2j + 1
5
; ri sin
2j + 1
5


; i = 1; 3 i
r2 cos
2j
5
; r2 sin
2j
5


2
where j = 0; : : : ; 4; r1=2; r2=2 and r3=2 are positive roots of f(x) = 1701x6 − 952x4 + 168x2 − 9.
i i ri
0 0.0648148148148147 0
1 0.3630350842712508 0.6345724820795529
2 0.3420708614640653 0.9357032010963380
3 0.2300792394498692 0.9800308219732064
This formula is obtained using the method of Section 2.6. Its number of nodes is one more than
the lower bound (2.7).
Degree 8-2: N = 29.
This formula is obtained from the formula U3: 8-1 of [15, p. 299] by using Theorem 2.1.
Degree 9-1: N = 19,
(0; 0) 0
ri cos
2j + 1
6
; ri sin
2j + 1
6


; i = 1; 3 i
r2 cos
2j
6
; r2 sin
2j
6


2
where j = 0; : : : ; 5 and
r21 =
112
165
− 8
165
p
31; r22 =
8
9
; r23 =
112
165
+
8
165
p
31;
in fact, r21=8 and r
2
3=8 are roots of f(x) = 165x
2 − 28x + 1, and
0 =
221
3360
; 1 =
4091
13440
+
4969
416640
p
31; 2 =
729
2240
; 3 =
4091
13440
− 4969
416640
p
31:
i i ri
0 0.0657738095238095 0
1 0.3707930614412980 0.6394025862136672
2 0.3254464285714286 0.9428090415820634
3 0.2379867004634640 0.9740329000187987
This formula is obtained using the method of Section 2.6. Its number of nodes is 1 more than
the minimal formula. There is a cubature formula of degree 9 with 18 points, which can be found
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by solving the nonlinear matrix equation that characterizes the cubature formula. However, some of
its nodes are outside of B2.
Degree 9-2: N = 19,
(0; 0); 0
(ai;bi); i = 1; 2; i
(a3;b3); (b3;a3); 3
(a4; 0); 4
with
a1 =
s
1
21
(−14 + 8
p
7−
q
714− 259
p
7); b1 =
s
1
21
(28− 6
p
7 +
q
714− 259
p
7)
a2 =
s
1
21
(−14 + 8
p
7 +
q
714− 259
p
7); b2 =
s
1
21
(28− 6
p
7−
q
714− 259
p
7);
a3 =
s
1
21
(7−
p
7−
q
28− 7
p
7); b3 =
s
1
21
(7−
p
7 +
q
28− 7
p
7)
a4 =
s
2
21
(7 +
p
7)=21;
0 0.0666666666666667
1 0.0549739628198237
2 0.0556886424065384
3 0.0473093695372302
4 0.0561039780650193
This formula is obtained by the modied method of reproducing kernel (cf. [12]). We choose
the rst point as (0; 0) and the second point as (0; 2(7 +
p
7)=21) which is in the zero set of
~K2(x1; x2; 0; 0).
Degree 9-3, 9-4, 9-5: N = 20; 35; 29, respectively.
These three formulae are obtained from the formulae U3: 9-1, U3: 9-2 and U3: 9-3 of [15,
p. 299{300], respectively.
Degree 10-1: N = 28
ri cos
2j
7
; ri sin
2j
7


; i = 1; 3 i
ri cos
2j + 1
7
; ri sin
2j + 1
7


; i = 2; 4 i
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where j = 0; : : : ; 6 and
i i ri
1 0.164630016025 0.354629872870
2 0.338403766344 0.736084268929
3 0.309757287385 0.948941859557
4 0.187208930246 0.990516354978
This formula is obtained using the method of Section 2.6.
Degree 10-2: N = 29
(0; 0) 0
ri cos
2j
7
; r1 sin
2j
7


; i = 1; 3 i

ri cos
2j + 1
7
; r2 sin
2j + 1
7


; i = 2; 4 i
where j = 0; : : : ; 6 and
i i ri
0 0.037066088935 0
1 0.208534045814 0.493244166585
2 0.294347921378 0.792377448192
3 0.303018982293 0.951067571916
4 0.157032961580 1
This formula is obtained using the modied method of Section 2.6, it has 7 nodes on the boundary
of the unit disk.
Degree 11-1: N = 30

ri cos
2j
6
; ri sin
2j
6


; i = 1; 3; 5 i

ri cos
2j + 1
6
; ri sin
2j + 1
6


; i = 2; 4 i
where j = 0; : : : ; 5 and r22=4 and r
2
4=4 are two real roots of f(x) = 283503x
6 − 247203x5 + 83754x4
− 13893x3 + 1182x2 − 51x + 1.
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i i ri
1 0.124983143184 0.311556281817
2 0.234029423000 0.646973155806
3 0.240827511855 0.854309247289
4 0.265328858694 0.962844982341
5 0.134831063267 1
This formula is obtained using the modied method of Section 2.6; we use one circle of points
on the boundary of B2. If we use one node at the origin instead of points on the boundary, we can
still solve the system and end up with a formula with N = 25 nodes, which is just 1 more than the
lower bound (2.7). The formula, however, has 6 nodes outside of B2.
Degree 11-2, 11-3, 11-4: N = 29; 28; 37, respectively.
These three formulae can be obtained from the formulae U3: 11-1, U3: 11-2, U3 : 11-3 of [15,
p. 299{301], respectively, by using Theorem 2.1.
Degree 12-1: N = 36,
(0; 0) 0
ri cos
2j
7
; ri sin
2j
7


; i = 1; 3; 5 i
ri cos
2j + 1
7
; ri sin
2j + 1
7


i = 2; 4 i
where j = 0; : : : ; 6 and
i i ri
0 0.026308268340 0
1 0.149650068144 0.420797256116
2 0.217143404702 0.695840502726
3 0.230947395369 0.870466917775
4 0.248996404521 0.967515942045
5 0.126954458924 1
This formula is obtained using the method of Section 2.6. The same method also gives a formula
of degree 12 with N = 35 nodes which has 7 nodes outside of B2.
Degree 13-1: N = 41
(0; 0) 0
ri cos
2j
8
; ri sin
2j
8


; i = 1; 3; 5 i
ri cos
2j + 1
8
; ri sin
2j + 1
8


; i = 2; 4 i
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where j = 0; : : : ; 7 and
i i ri
0 0.027635484305 0
1 0.157467458494 0.430952161186
2 0.226193376639 0.710149276625
3 0.225825907385 0.879823869405
4 0.240975350761 0.969794837549
5 0.121902422416 1
This formula is obtained using the modied method of Section 2.6. We put one circle on the
boundary and also a node at the origin. There is also a formula of degree 13 with N = 40 nodes
which has 8 nodes outside of B2.
Degree 14-1: N = 54,

ri cos
2j + 1
9
; ri sin
2j + 1
9


; i = 1; 3; 5 i

ri cos
2j
9
; ri sin
2j
9


; i = 2; 4; 6 i
where j = 0; : : : ; 8 and
i i ri
1 0.076797940786 0.244152747727
2 0.161305787060 0.529660214835
3 0.205544479897 0.750561542538
4 0.214920647015 0.893271109112
5 0.226505256748 0.973423463939
6 0.114925888495 1
This formula has 9 nodes on the boundary of B2. There is also a formula of degree 14 with 46
nodes which has 8 nodes outside of B2.
Degree 15-1: N = 48

ri cos
2j + 1
8
; ri sin
2j + 1
8


; i = 1; 3; 5 i

ri cos
2j
8
; ri sin
2j
8


; i = 2; 4; 6 i
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where j = 0; : : : ; 7 and
i i ri
1 0.095467621637 0.271449663714
2 0.201380667451 0.585496569973
3 0.180827510173 0.802195446644
4 0.177477824711 0.889709784031
5 0.205303423760 0.978233374335
6 0.139542952270 0.991859263713
Degree 15-2: N = 49
(0; 0) 0
ri cos
2j + 1
8
; ri sin
2j + 1
8


; i = 1; 3; 5 i

ri cos
2j
8
; ri sin
2j
8


; i = 2; 4; 6 i
where j = 0; : : : ; 7 and
i i ri
0 0.020911762625 0
1 0.120171506104 0.377966761774
2 0.176223822449 0.634472436628
3 0.179206018840 0.805359976115
4 0.195508558042 0.913115572421
5 0.203918381075 0.978525482681
6 0.104059950864 1
This formula has 8 nodes on the boundary.
Degree 16-1: N = 55,
(0; 0) 0
ri cos
2j + 1
9
; ri sin
2j + 1
9


; i = 1; 3; 5 i

ri cos
2j
9
; ri sin
2j
9


; i = 2; 4; 6 i
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where j = 0; : : : ; 8 and
i i ri
0 0.020270806814 0
1 0.119780830421 0.374773862234
2 0.188779001362 0.638968210649
3 0.177299541102 0.817042165128
4 0.183347141827 0.911686433717
5 0.197376045021 0.979956551439
6 0.113146633453 0.997023799683
This is obtained using the method of Section 2.6. We can also nd a formula with one circle of
points on the boundary instead of a point on the origin; the formula has N = 63 nodes.
Degree 17-1: N = 61
(0; 0) 0
ri cos
2j + 1
10
; ri sin
2j + 1
10


; i = 1; 3; 5 i

ri cos
2j
10
; ri sin
2j
10


; i = 2; 4; 6 i
where j = 0; : : : ; 9 and
i i ri
0 0.020850433891 0
1 0.123685504669 0.380225583551
2 0.197507012779 0.648898401804
3 0.174822814497 0.828078906459
4 0.173870731803 0.912177287472
5 0.191123788620 0.981266594130
6 0.118139713742 0.995336358350
We can also nd a formula with one circle of points on the boundary instead of a point on the
origin; the formula has N = 70 nodes.
Degree 18-1: N = 77,
ri cos
2j
11
; ri sin
2j
11


; i = 1; 3; 5; 7 i

ri cos
2j + 1
11
; ri sin
2j + 1
11


; i = 2; 4; 6 i
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where j = 0; : : : ; 10 where
i i ri
1 0.060117798038 0.215864767661
2 0.131777548942 0.476295916343
3 0.178826339964 0.693100318596
4 0.170270354009 0.841053240195
5 0.175462528760 0.926648332511
6 0.183882326461 0.982705676237
7 0.099663103826 0.998566330931
Degree 18-2: N = 78,
(0; 0) 0
ri cos
2j
11
; ri sin
2j
11


; i = 1; 3; 5; 7 i

ri cos
2j + 1
11
; ri sin
2j + 1
11


; i = 2; 4; 6 i
where j = 0; : : : ; 10 and
i i ri
0 0.013853237855 0
1 0.082005867229 0.311767117627
2 0.132856080795 0.540974913120
3 0.158813101810 0.721034562893
4 0.165688038080 0.847899671343
5 0.174926498561 0.932916345399
6 0.180525695880 0.983323904452
7 0.091331479788 1
This formula has 11 nodes on the boundary of the unit disk.
Degree 19-1: N = 80

ri cos
2j
10
; ri sin
2j
10


; i = 1; 3; 5; 7 i

ri cos
2j + 1
10
; ri sin
2j + 1
10


; i = 2; 4; 6; 8 i
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where j = 0; : : : ; 9 and
i i ri
1 0.049761597126 0.196856402298
2 0.106327006196 0.433805100832
3 0.137932768205 0.630561582852
4 0.141914255010 0.772366527942
5 0.153040900339 0.872404830319
6 0.160835529564 0.943663267980
7 0.166294738158 0.985879575871
8 0.083893205402 1
This formula has 10 nodes on the boundary. There is also a formula of degree 19 with N = 71
nodes which has 10 nodes outside of B2.
Degree 20-1: N = 89,
(0; 0) 0
ri cos
2j
11
; ri sin
2j
11


; i = 1; 3; 5; 7 i

ri cos
2j + 1
11
; ri sin
2j + 1
11


; i = 2; 4; 6; 8 i
where j = 0; : : : ; 10 and
i i ri
0 0.011240060712 0
1 0.066716045212 0.281687134716
2 0.108780057870 0.492252752584
3 0.131315724634 0.663054679857
4 0.138471458150 0.789870235384
5 0.148048118590 0.882509622760
6 0.155116603863 0.947994042349
7 0.159723284610 0.986996900490
8 0.080588646358 1
The formula has 11 nodes on the boundary of the unit disk. There is also a formula with N =88
nodes, which has 11 nodes outside B2.
Degree 21-1: N = 97
(0; 0) 0
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
ri cos
2j
12
; ri sin
2j
12


; i = 1; 3; 5; 7 i

ri cos
2j + 1
12
; ri sin
2j + 1
12


; i = 2; 4; 6; 8 i
where j = 0; : : : ; 11 and
i i ri
0 0.011660783616 0
1 0.069302849684 0.286891925307
2 0.113173539615 0.501147365917
3 0.135391741861 0.673805319484
4 0.138022952076 0.798765832461
5 0.146048306093 0.887777895226
6 0.151896906818 0.950500115805
7 0.155944952841 0.987627341145
8 0.078557967395 1
The formula has 12 nodes on the boundary of B2. There is also a formula with N = 96 nodes,
which has 12 nodes outside B2.
Degree 22-1: N = 117,
ri cos
2j + 1
13
; ri sin
2j + 1
13


; i = 1; 3; 5; 7 i

ri cos
2j
13
; ri sin
2j
13


; i = 2; 4; 6; 8 i
where j = 0; : : : ; 12 and
i i ri
1 0.035603810794 0.166476076098
2 0.078658512418 0.371783180689
3 0.111197896568 0.554419636245
4 0.127880089004 0.702864784404
5 0.133800279005 0.814448812838
6 0.140999655547 0.896537068309
7 0.146417105921 0.954256706900
8 0.149918055879 0.988580100358
9 0.075524594862 1
The formula has 13 nodes on the boundary of B2. There is also a formula with N = 105 nodes
which has 13 nodes outside of B2.
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3.1.1. Summary
We summarize our ndings in Table 1 below, in which the formulae are given in terms of their
degree and number of the nodes. The minimal formula is marked by an asterisk. In the table we also
include those formulae that can be obtained from the known formulae on S2 via Theorem 2.1 for
comparison; these formulae are marked by z. There may be, however, some other formulae that can
be derived using various methods developed for the Lebesgue measure on B2; one should compare
the table with the one in [2]. We note, however, there is no formula of even degree above degree
8 in the table of [2]. In the third column of the table we give the information on the quality of
the formula. Here we follow the notation introduced by Lyness and Jesperson and adopted in [2]:
If all weights i are positive, we denote it by the letter P, unless they are all equal, in which case
we use the letter E. If all nodes are inside B2, we indicate this by the letter I, unless some of the
nodes lie on the boundary of B2, in which case we use the letter B. If some nodes are outside of
B2, we write O.
Apart from the minimal formulae which are marked with an asterisk, we note that the formula of
degree 6 with 11 nodes, degree 8 with 16 nodes, and degree 11 with 25 nodes are all just 1 more
than the lower bound (2.7).
3.2. Cubature formulae with respect to the surface measure on S2
Using Theorem 2.1 we can obtain new cubature formulae for S2 from formulae presented in
Section 3.1. The formulae in the previous section are of the form (2.3), so that the new formulae
for S2 are of the form (2.4). In general a node of (2.3) corresponds to two nodes of (2.4); we note,
however, if a node of (2.3) is on the boundary of B2, then it only corresponds to one node on S2
whose weight is doubled. Here is one example, which follows from the formula 6-1 of Section 3.1:
Degree 6-1: N = 25,
r1 cos
2j + 1
5
; r1 sin
2j + 1
5
;
q
1− r21

; 1
r2 cos
2j
5
; r2 sin
2j
5
;
q
1− r22

; 2
cos
2j + 1
5
; sin2j + 1
5
; 0

; 23
where j = 0; : : : ; 4.
Because it is evident how the method works, we will not give the formulae on S2 explicitly.
Instead, we will present the result in Table 2. In this table we also include formulae that are found
in [13,15] for comparison. We will, however, make references only to [13,15] and will not attribute
to the original references; moreover, if a formulae appears in [13,15], then we will refer it to [15].
The new formulae will be marked by a ?. Stroud [15] contains cubature formulae on S2 of degree
up to 15, while [13] includes formulae of degree up to 35. However, all formulae of degree larger
than 15 in [13] are formulae with either octahedral or icosahedral symmetry. Moreover, there is
almost no even degree formulae in [13,15] except one of degree 8 and one of degree 14 in [15].
Table 1
Degrees N Quality
3 ∗4 PB
4 ∗6 PB
5 ∗7 PB
8z PI
9z PB
12z PB
13z PB
17z PB
6 11 PO
15 PB
7 ∗12 PI
16z PI
17z PB
24z EI
8 16 PI
29z PB
9 ∗18 PO
19(2) PI
20z PI
25z PB
29z PB
10 28 PI
29 PB
11 25 PO
28z PI
29z PB
30 PB
37z PB
12 35 PO
36 PB
13 40 PO
41 PB
14 46 PO
54 PB
68z PB
15 48 PI
49 PB
49z PB
16 55 PI
63 PB
17 61 PI
61z PB
70 PB
18 77 PI
78 PB
19 71 PO
80 PB
20 88 PO
89 PB
21 96 PO
97 PB
22 105 PO
117 PB
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Table 2
Degrees N Reference
4 10 ?
16 [13]
5 12 [15]
13 ?
14 [15]
16 ?
18 [15]
20 [15]
24 [15]
30 [15]
6 25 ?
7 24(2) [15], ?
26 [15]
32(2) [13], [15]
38 [13]
8 30 [15]
32 ?
9 32 [15]
38(3) [13], [15], ?
42 [15]
50 [15]
10 51 ?
56 ?
11 50 [15]
54(2) ?
56 [15]
62 [15]
12 65 ?
13 74 ?
14 72 [15]
99 ?
15 86 [13]
90 ?
92 [13]
96 ?
16 110 ?
115 ?
17 110 [13]
122(2) [13], ?
130 ?
18 145 ?
154 ?
19 150 ?
152 [13]
20 167 ?
21 182 ?
22 221 ?
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It is worthwhile to mention that if we transform a formula on S2 to a formula on B2 via Theorem
2.1, and then transform the new formula back to S2, again via Theorem 2.1, we will usually end up
with a dierent formula on S2 which has more nodes than the one we start with. Indeed, we will
get the same formula back only when the nodes of the formula contain only symmetric pairs. In the
above table, we did not include those formulae that can be derived from the formulae with asterisk
Table 1 of Section 3.1.
4. Final comments
The result in Theorem 2.1 provides an alternative method to generate cubature formulae on the
sphere. We have derived formulae for the Chebyshev weight function on B2 and then used Theorem
2.1 to derive cubature formulae for d! on S2. There are many other formulae that can be generated
by this method. For example, cubature formulae for dx on B2 will lead to formulae on S2 with
respect to jx3jd!. One may also exploit the method for cubature formulae on Bd and Sd−1. In the
following we comment on other perspectives and connections of the results obtained in the present
paper.
Remark 1. It is possible to use the method in Section 2.6 to construct formulae of degree higher
than 22; moreover, it is likely that the method is more suitable for obtaining cubature formulae of
even degree. However, the formulae for large n tend to have number of nodes far more than the
lower bound (2.7), and the nodes are concentrated to the center and to the boundary.
Remark 2. The method in Section 2.6 can also be used to construct cubature formulae with respect
to Lebesgue measure on B2. It will yield a number of new formulae in this case, especially formulae
of even degree; there is no formulae of even degree above degree 8 given in the table of [2].
Remark 3. One of the most intersting approaches for obtaining cubature formulae on the sphere is
originated by Sobolev [14], which constructs formulae that are invariant under a nite group. The
basic result of Sobolev states that if an invariant cubature formulae is established for all invariant
polynomials (under the same group) of degree up to M , then the formulae is established for all
polynomials of degree up to M . Most of the cubature formulae of relative high order on the sphere,
other than the product type formulae, are constructed using this approach (cf. [13]). In particular,
Lebedev has constructed cubature formulae up to degree 59 that are invariant under the octahedral
group ([9,10] and the references there). In Table 2 of Section 3.2 we did not include these formulae.
It turns out that there is a close relation between cubature formulae on the sphere and on the simplex
(see, for example, [7,8]), which implies a further relation between formulae on the sphere and on
the ball. These relations can be used to study formulae with octahedral symmetry [7].
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